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Abstract 

We present a formalism to explicitly construct non-Abelian gauge theories on 
noncommutative spaces (induced via a star product with a constant Poisson ten- 
sor) from a consistency relation. This results in an expansion of the gauge param- 



1 Introduction 



Gauge theories can be formulated on noncommutative spaces. One recent approach is 
based on the Seiberg-Witten map [1]. This is the one we are particularly interested in 
because it allows the formulation of a Lagrangian theory in terms of ordinary fields. 
One can express such a theory very intuitively via covariant coordinates [2]. In this 
paper we give an explicit construction for the case of non-Abelian gauge groups. In 
contrast to earlier approaches [3], this method now works for arbitrary gauge groups. 

The idea is to formulate field theories on noncommutative spaces as theories on com- 
mutative spaces and to express the noncommutativity by an appropriate ★-product. 
Gauge transformations then involve the ★-product as well. This prevents the gauge 
transformations from being Lie algebra- valued. They can, however, be defined in the 
enveloping algebra [4]. It is possible to find transformations representing the gauge 
group in the enveloping algebra that depend on the parameters and the gauge poten- 
tial of the usual gauge theory only. An explicit form of such transformations can be 
constructed by a power series expansion in a parameter that characterizes the noncom- 
mutativity. 

In the same manner fields that have the desired ★-product transformation properties 
can be constructed in terms of fields with the transformation properties of a usual gauge 
theory. For the gauge potential this amounts to the analogue of the Seiberg-Witten 
map for arbitrary non-Abelian gauge theories. 

Finally we can consider actions that are invariant under the ★-product transforma- 
tion laws. The Lagrangian of such an action can then be expanded in terms of the 
fields of a usual gauge theory and the parameter of the noncommutativity enters as a 
coupling constant. New coupling terms for a gauge theory appear. Such Lagrangians 
can be seen as effective Lagrangians that are meaningful in the tree approximation for 
the description of a phenomenological S-matrix. But one can also take them serious 
as Lagrangians for a quantum field theory with all the radiative corrections. In this 
context, the renormalizability of the theory has to be investigated [5]. 

In this paper we explicitly compute the formulas up to second order in the param- 
eter that characterizes the noncommutativity in the case of the Moyal-Weyl product. 

2 Gauge transformations 

A non-Abelian gauge theory is based on a Lie algebra 



In the usual formulation of a gauge theory fields are considered that transform 
under gauge transformations with Lie algebra- valued infinitesimal parameters^: 



(2.1) 



S^ijj^ix) = ia{x)tp^{x), a{x) = a„(x)r". 



(2.2) 



^Throughout we will denote fields with this transformation property by 
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It follows from (2.1) that 

{5o^5p - 5p5o;)i^\x) = iaa{x)Pt,{x)r\T'^^\x) = 5^^pi^\x), (2.3) 
with the shorthand 

ax (3 = aaPbr^T^ = -i[a, /?]. (2.4) 
In addition, a gauge potential ai^a{x) is introduced with the transformation property 

Saai,a{x) = diaa{x) - f''''aab{x)ai,c{x), (2.5) 

or equivalently, 

ai{x) = ai,a{x)T'' (2.6) 
Saai{x) = dia{x) +i[a{x),ai{x)]. 

This allows the definition of covariant derivatives and the field strength: 

Pi<(a;) = {di - ia^)7p\x) (2.7) 
F^j^^'ix) = i{ViVj~VjVi)ij\x). 

In a gauge theory on noncommutative coordinates (2.2) is replaced by 

5kiP{x) = iA{x) * il){x). (2.8) 

The ★-product based on a quite general coordinate algebra has been defined in [4]. In 
this paper, we shall evaluate the respective formulas for the Moyal-Weyl-product only. 
This is the product that is most frequently discussed in the current literature, but we 
emphasize that the methods used in this paper work for other ^-products as well. 

The ^-product of two functions does not commute, it reflects the algebraic proper- 
ties of the space coordinates. As a consequence, two transformations of the type (2.8) 
cannot be reduced to the matrix commutator of the generators of the Lie algebra: 

(SaSj: - 6j:SaMx) = (A(a;) ★S(a;) - S(ar) ★ A(a;)) ★^(a;) = [A{x) * 1:{x)]*iIj{x). (2.9) 

The parameters cannot be Lie algebra- valued, they have to be in the enveloping algebra: 

A(x) = A„(x)r» + Al,{x) : T<^T' :+... + A^^laA^) : . . T"" : + . . . . (2.10) 

The dots indicate that we have to sum over a basis of the vector space spanned 
by the homogeneous polynomials in the generators of the Lie algebra. Completely 
symmetrized products form such a basis: 



: : = T" (2.11) 
. rparpb , ^^^^ r^j- —^'J^^'J^^ _|_ 'J^b'j-ia'j 
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The ★-commutator of two enveloping algebra-valued transformations will remain 
enveloping algebra-valued. The price we seem to have to pay are infinitely many 
parameters A"~^„^(a;), however, it is possible to define gauge transformations where 
all these infinitely many parameters depend on the usual gauge parameter a{x) and 
the gauge potential ai(x) and on their derivatives. Transformations of this type will 
be denoted Aa[a] and their x-dependence is purely via this finite set of parameters and 
gauge potentials A^la] = Agi{x)W{^)] (for constant 9). 

The transformation (2.8) will now be restricted to such parameters Aa[o] 

Sail^{x) = iAa[a] * iIj{x). (2.12) 

Each finite set of parameters aa{x) defines a "tower" Aa[a] in the enveloping algebra 
that is entirely determined by the Lie algebra- valued part. To define and construct 
this tower we demand in accord with (2.3) (cf. [4]): 

{6aSi3 ~ bfiba)^{x) = daxp^'ix). (2.13) 

The variations arc those of equation (2.12). More explicitly: 

i6aAp[a\ - i6pAa[a] + Aa[a]-kAp[a\ - Ap[a\-kAa[a] = iAax/^W- (2-14) 

The variation (5/3 [a] refers to the aj-dependence of Aa[a\ and the transformation 
property (2.5) of Oj. 

It is natural to expand the star product in its "noncommutativity" and to solve 
(2.14) in a power series expansion. For this purpose we introduce a parameter h: 

{f*9)ix) = e^''^'"i^fix)giy)\y^, (2.15) 
= f{x)g{x) + '-h9'^difix)djgix) - ^hH'^9^'didkf{x)djdig{x) + ... . 

We could have used 9 as an expansion parameter, however a ^-dependence of the fields 
might and will in fact arise for other reasons. 

We assume that it is possible to expand the tower Aq, [a] in the parameter h: 

A^[a]=a + hAl[a] + h'^Al[a\ + --- . (2.16) 

Now we expand equation (2.14) in h. To zeroth order we find equation (2.3) which has 
the solution (2.2). To first order we obtain 

i6aA],[a\ - i5pAl[a\ + [a, A^[a]] - A^[a]] - iA^ ,^[a] = -'-9'^ {d,a,djl3}. (2.17) 

There is a homogeneous part in A^[a] and an inhomogeneous part. We solve the 
inhomogeneous part with an ansatz linear in 0, because the inhomogeneous part is 
linear in 9 as well. For dimensional reasons there is only a finite number of terms that 
can be used in such an ansatz. The proper combination of such terms is 

Ai[a] = -/^{dia, aj} = ^9'^diaaaj,b : T^T^ : • (2.18) 
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The derivative term dia in the variation of the gauge potential (2.6) compensates the 
inhomogeneous part in (2.17), whereas the commutator term of the variation of the 
gauge potential combines with other terms of (2.17) to produce A^^^[a]. 

We can add solutions of the homogeneous part of (2.17). If there is a quantity Fi 
with the covariant transformation property 

Sc,Fi = i[a,Fi\ (2.19) 

and such a term can easily be constructed, for instance from the field strength and the 
covariant derivative in (2.7) 

Fi = e^'VjFg, (2.20) 
then we find a solution A^[a] of the homogeneous part of equation (2.17): 

A.i[a] = ce'^{dia,Fj}. (2.21) 

This term can be added to A^[a] defined in (2.18). To first order in h we obtain 

Ai[a] = e^^{d,a,^a,+cFj}. (2.22) 

We can view the additional term as a redefinition of the gauge potential: 

ai = ai + 4cF^''. (2.23) 

It does not change the transformation properties (2.6) 

SaSi = dia + i[a,ai\. (2.24) 

Such generalized solutions as (2.22) have to be expected, as it is only the transformation 
property of a, that matters. To define a physical theory, we have to make use of the full 
freedom of the Seiberg-Witten map. It has been shown that for finding a renormalizable 
theory the extra terms are essential [6]. 

There are other solutions of the homogeneous equation that cannot be obtained 
from a redefinition of the vector potential Oj. An example is 

Al'[a] = ce'^[dia,aj]. (2.25) 

The choice of the constant c = for this solution of the homogeneous part of 
(2.17) would simplify some of the calculations to conic, however, we decide to work 
with (2.18) instead, since this is a solution expressed in the completely symmetrized 
basis (2.11) in the generators of the Lie algebra. 

To second order in h we obtain from (2.14): 

i6^Al[a] - i6f,Al[a] + [a,Al[a]] - A^ [a]] - iA^^N = (2.26) 
+le^^9'^%dka,d,di(5] - 'f''{{diAi[a],d,P} - {^^Aj,[a],^Ja}) - [A^H, A^[a]]. 
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The homogeneous part of the equation has the same structure as before. We shall 
use the expression (2.18) for A^[a] and we see that the terms of the inhomogeneous 
part involving A^[a] contribute to third order in T". With an appropriate ansatz we 
can eliminate all these terms of third order and of second order in T° as well. The 
respective terms in the solution (2.27) can easily be identified. Finally we obtain a 
solution of (2.26)2: 

^aW = 4.{dia,{ak,diaj}} - i{dia,{ak, [aj.ai]}} - i{aj,{ai, [5^0, a^]}} 

+2i[didka,djai] - 2[djau [diU^ak]] + 2i[[aj,ai\, [dia,ak\\^. (2.27) 

The solutions (2.18) and (2.27) are such that they are of first and second order in 
9 respectively. We know from [4] that we can expect a solution of (2.14) where the 
order in 9 and the order in are related. In such a solution the contribution in 0" 
will be of order n + 1 in T^. The above solutions are of this type. This can however 
be changed by adding ^-dependent solutions of the homogeneous equation. 

3 Fields 

In a usual gauge theory, fields have the transformation property (2.2). We have denoted 
fields that transform this way by ijj^ . In a gauge theory with the ★-product fields are 
supposed to transform as in (2.12). We show that fields with this transformation 
property can be built from fields with the transformation property (2.2) and the gauge 
potential Oj. 

We expand in powers of h: 

^[a] =V^o + /iVna] + ^V[a] + --- ■ (3.1) 
To zeroth order in /i, we obtain (2.2) and to first order: 

5ail)\a] = iai)\a] + iA«[a]V'° - ]^9'^ diadjilP . (3.2) 

If we take the solution (2.18) for A^[a], we find that 

V;i[a] = -'^9'^ aidji^^ + ^^^^ia^/. (3.3) 

will have the desired transformation property (2.12) to first order in h. We proceed to 
the next order, 

5ai^\a] = iai^^a] + iKl[a]i>^[a] + iA^ [a]V^o - ]^9'^ diKl[a]dj^'^ (3.4) 

-U'^diad^il^^a] - '-9'i9^^didkadjdi^'', 
z o 

^Similar results have been obtained in [7] and [8] in the context of U{n). 
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use (2.27) for [a] and find: 

= ^e'^e^^i^-Aidiakdjdi^^ + Aaiakdjdi^'^ + %aidjakdiiP (3.5) 

—Aaidkajdiijj^ — Aiaiajakdiijj^ + Aiakajaiditp^ — Aiajakaiditp^ 
+Adjakaidi'4P — 2diakdjaiip^ + Aiaiaidkajilj^ + Aiaidkajai'4P 

—Aiaidjakaiil)^ + SaittjUiaktl^'^ + 4,aiakajaiil)^ + 2aiaiakajil)^^ . 

Homogeneous solutions of (3.2) and (3.2) can naturally be added to these solutions. 
The adjoint field ^/Sfa] is easily obtained from (3.3) and (3.5), keeping in mind that aj 
is supposed to be self-adjoint for a unitary gauge group. 

4 Gauge potentials and field strengths 

In the same way as in the last section for ordinary fields we can solve for an enveloping 
algebra-valued gauge potential. Its transformation property is (for a definition, e.g. 
[2]): 

6aAi = diK[a] + i[K[a] t A]- (4.1) 

Again we expand in h: 

Ai [a] = a, + hA\ [a] + /i^^f [«] + ... . (4.2) 
As expected, we can recapture (2.6) to zeroth order, to first order we obtain: 

5^A][a] = diKi[a]+i[Ki[a],ai]+i[a,A\[a]] - ]^e'''{dka,dm). (4.3) 
Again we use the solution (2.18) for A^[a] and find as a solution to (4.3) 

A\[a] = -\e>^'{ak,diai + Ff^, (4.4) 

where Ff- is the field strength of the ordinary Lie algebra-valued gauge theory, intro- 
duced in (2.7) 

-Pj° = diaj - djtti - i[ai,aj]. (4.5) 
To second order in h we obtain from (4.1): 
SaA^M = diAl[a]+i[a,Af[a]]+i[Ai[a],A}[a]]+i[Al[a],ai]- (4.6) 

-h'^^{dka,diA}[a]} - h'^^idkAlKdm} - '-e'^'e^^idAa^didna,]. 

With the choice (2.27) for A^[a] this has the following solution: 

Aj[a] = ^e^^e^"" [^[dkdmai, dia^] - 2i[dkdiam, 5/a„] + 4{afe, {a^, (4.7) 

+2[[dkam,ai],dian] - 4{5iai, {5^afe, On}} -|- 4{afe, {F;^, 
-i{dian, {ai, [am, ajt]}} - i{am, {ofe, [^iOn, ai]}} 

+4i[[am,ai], [ak,dnai\] - 2i[[am,ai\, [afe,5ia„]] - {am, {at, [ai, [an,aj]]}} 
+{ak,{[ai,am], [an,ai]}} + [[am,az], Wk, [an,ai]]]^. 
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With this solution at hand we now turn to the enveloping algebra-valued field 
strength (defined in [2]): 

Fij = diAj - djAi -i[Ai* Aj] , (4.8) 

with the transformation property 

6aFij = i[Aa[a] t Fij]. (4.9) 

To express this field strength, we insert (4.4) and (4.7) into (4.8). We could have used 
(4.9) to find a field with the desired transformation property, as we did in section 3. 
This however does not reproduce the full solution (4.10) which rests on the definition 
of Fij[a\ in terms of the gauge potential (4.2): 

4[a] = le'^iFlF^i} - ie^^{a,, {di + Vi)F^j}. (4.10) 

F^j[a] to second order in h is obtained similarly by inserting (4.7) into (4.8). The gauge 
potential Ai with its transformation property (4.1) allows the definition of a covariant 
derivative 

Viip = diip -iAi-ktp (4.11) 

with the transformation (2.12): 

daViiP = iAa[a]*Viip. (4.12) 



5 Actions 

The transformation laws of the field strength (4.9), the fields (2.12) and the covariant 
derivatives (4.12) allow the construction of invariant actions. It can be shown by partial 
integration that the integral has the trace property for the ★-product: 



f-kg = y g-kf = J fg dx. (5.1) 
Thus we find an invariant action for the gauge potential 

S = ~Tr J Fij k F'^ dx, (5.2) 



as well as for the matter fields 

S 



J i/j* {j'Vi - m)ilj dx. (5.3) 



Our aim is to expand these actions in the fields Oj and and to treat them as 
conventional field theories depending on a coupling constant 9. We only do this here 
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to first order in h and construct the Lagrangian from our previous results: 

Fij * F'^ = F^jF^^ + ^he'^^VkF^jViF^^ + , ^j;}, ^°'^'} 

For the action we use partial integration and the cyclicity of the trace and obtain 
to first order in h: 

j ^i. ifVi - m)V' dx = J i)^{-i'Vi - m)V'° dx - ^h9''^ J ^ip^F^^Vi - m)^l)^ dx 

-\he^' j i^^'l'F^Vi^^dx (5.4) 
-ItV 1 Fi, * dx = J F^^F^'^^ dx + \he^'T, J F^iF^jF''^^ dx 

—he'^^Tr j F^^FfiF^^ dx (5.5) 

6 The Abelian case 

Noncommutative Abelian gauge theories have recently been studied intensively and 
substantial results have been obtained. 

If such a theory is expanded not in the noncommutativity h as in the previous 
chapters, but in powers of the gauge potential of the commutative theory as suggested 
in [9], the following result is valid to all orders in 9 and first non-trivial order in a: 

A'[a] = 9'^iaj + ^9'''ai*2{dkaj + fkj) + ---) (6.6) 
Aa[a] = a + ^9''Ui *2 dka + ■ ■ ■ , (6.7) 

where fj^ = djak — d^Uj is the Abelian field strength and *2 is an abbreviation for the 
following power series in the noncommutativity^ (it is not a ★-product though): 



and //(/ ® g) = f ■ g the ordinary multiplication map. It is particularly convenient to 
use this multiplication in the Fourier representation. 



^This notation ^2 is now widely used, e.g. in [9], [10] and [11]. 
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Wc will now derive this result. We know from [4] and [12] that the following 
expressions for the noncommutative gauge potential and gauge parameter satisfy both 
the Seiberg-Witten gauge condition and the consistency relation (these expressions are 
valid for arbitrary Poisson structures 0{x)): 

A'[a] = (exp(a^ + 5i) - 1) (6.9) 

AM = [ J a, (6.10) 



with the differential operator 



= 5Z ^Un+iiae, e,---,9) = e'^ajdi + ■■■ , (6.11) 

and the rule dtO'^'' = —O'^^fjkO^K The differential operator a* is obtained from the vector 
field ag = O^^ajdi and the Poisson bivector 6 = (8) dj via Kontsevich's formality 
maps Un (for further clarifications we refer to the mentioned articles). 

Expanding the exponentials results in an expansion in powers of the ordinary gauge 
potential a^, each term containing all powers of h: 

A'[a] = a^x' + '^{al + a^)x' + --- (6.12) 



^a[o\ = Oi +-a^,a + ■■■ . (6.13) 




Kontsevich has given a graphical prescription similar to Feynman diagrams to compute 
the formality maps. Using these it is straightforward to compute explicitly to all 
orders in h for constant 9. The result is: 

a^g = {9'^aj)i<2dig = 9'^ajdig + --- , (6.14) 

with the already mentioned product ★2- Inserting this a* into (6.12) and using the fact 
that a*a;* = agx^ gives the expressions for A^[a] and Aa[a] stated at the beginning of 
this section. Higher order terms can be obtained similarly. A nice heuristic derivation 
of these results based on the consistency condition has been given in [11]. 



7 Expansion of non-Abelian fields in a 

Adopting a similar approach like in the previous section, we here state a straight- 
forward result concerning the expansion of fields in a non-Abelian gauge theory in 
powers of the commutative gauge potential. 

Assume that a field ■0 (a representation of the enveloping algebra Satjj = iAa[a] *V) 
can be written as a matrix- valued differential operator $[a] applied to the field in 
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the representation of the Lie algebra {Satp^ = iaip^): tp = ^[a]tp^. Then the variation 
of can be written in the following way: 

{Sa^a])^;'' + $[a](m^°) = iAa[a] * ($[a]V;0). (7.15) 

To zeroth order in a this reads: 

$^[9a]V'° + iaV'° = iavtV°. (7.16) 

The second term in the variation of a, i[a, a], drops out being first order in a. Due to 
the Bianchi identity of a non-Abclian gauge theory (df + a A / = 0), this expansion 
is not well defined to higher orders in a and we will not discuss orders different from 
0(a°). This problem does not occur for the Abelian case. Continuing in our analysis 
we set 

= iai<iP -ia-f =: ~9''\dka) • di-f , (7.17) 
where we have introduced the following shorthand^ 

This should be compared with the Moyal-Weyl-product: f-kg:= /x(e^^'°'^'=®^')(/ (g) 5). 
With this shorthand for the product we are free to integrate: 

^'MV'° = -|^'^(afc).aiV'°. (7.19) 
Therefore we obtain the following expansion (to first power in a and all powers in h): 

Okuyama [11] has computed A^[a\ and h^a[o\ in a similar fashion. 

Acknowledgement 

We thank Dieter Liist for his kind hospitality and inspiring discussions. Also we thank 
B. Zumino et al. [14] for drawing our attention to a previous mistake in (2.27). A 
previous misprint in (5.4) was pointed out by C.E. Carlson et al. [15]. 

References 

[1] N. Seiberg and E. Witten, String theory and noncommutative geometry, JHEP 
9909, 032 (1999) [hep-th/9908142]. 



*This product was also introduced in [13], there called ★". 



10 



[2] J. Madore, S. Schraml, P. Schupp and J. Wess, Gauge theory on noncommutative 
spaces, Eur. Phys. J. C 16, 161 (2000) [hep-th/0001203]. 

[3] L. Bonora, M. Schnabl, M. M. Sheikh-Jabbari and A. Tomasiello, Noncommutative 
SO(n) and Sp(n) gauge theories, Nucl. Phys. B 589, 461 (2000) [hep-th/0006091]. 

[4] B. Jurco, S. Schraml, P. Schupp and J. Wcss, Enveloping algebra valued gauge 
transformations for non-Abelian gauge groups on non- commutative spaces, Eur. 
Phys. J. C 17, 521 (2000) [hep-th/0006246]. 

[5] A. A. Bichl, J. M. Grimstrup, L. Popp, M. Schweda and R. Wulkenhaar Pertur- 
bative Analysis of the Seiberg-Witten Map [hep-th/0102044]. 

[6] A. A. Bichl, J. M. Grimstrup, H. Grosse, L. Popp, M. Schweda and R. Wulken- 
haar Renormalization of noncommutative Maxwell theory to all orders via Seiberg- 
Witten map, JHEP 0106, 013 (2001) [hep-th/0104097]. 

[7] S. Goto and H. Hata, Noncommutative Monopole at the Second Order in 9, 
Phys. Rev. D62, 085022 (2000) [hep-th/0005101]. 

[8] T. Asakawa and I. Kishimoto, Comments on Gauge Equivalence in Noncommu- 
tative Geometry, JHEP 9911, 024 (1999) [hep-th/9909139]. 

[9] T. Mehen and M. B. Wise, Generalized ^-Products, Wilson Lines and the Solution 
of the Seiberg-Witten Equations, JHEP 0012, 008 (2000) [hep-th/00 10204]. 

[10] H. Liu, *-Trek II: Operations, Open Wilson Lines and the Seiberg-Witten Map 
[hep-th/0011125]. 

[11] K. Okuyama, Comments on Open Wilson Lines and Generalized Star Products, 
Phys.Lett. B506, 377 (2001) [hep-th/0101177]. 

[12] B. Jurco, P. Schupp and J. Wess, Nonabelian noncommutative gauge the- 
ory via noncommutative extra dimensions, Nucl.Phys. B604, 148 (2001) [hep- 
th/0102129]. 

[13] K. R. Garousi, Non-commutative world-volume interactions on D-brane and 
Dirac-Born-Infeld-Action, Nucl.Phys. B579, 209 (2000) [hep-th/9909214]. 

[14] D. Brace, B. L. Cerchiai, A. F. Pasqua, U. Varadarajan and B. Zuniino, A Co- 
homological Approach to the Non-Abelian Seiberg-Witten Map, JHEP 0106, 047 
(2001) [hep-th/0105192]. 

[15] C. E. Carlson, C. D. Carone and R. F. Lebed, Bounding Noncommutative QCD 
[hep-ph/0107291]. 



11 



